This note establishes a connection between Solomon's descent algebras and the theory of hyperplane arrangements. It is shown that card-shuffling measures on Coxeter groups, originally defined in terms of descent algebras, have an elegant combinatorial description in terms of random walk on the chambers of hyperplane arrangements. As a corollary, a positivity conjecture of Fulman is proved.
Introduction and Background
Using ideas from work of Bayer and Diaconis [1] , Bergeron and Bergeron [2] , and particularly Bergeron, Bergeron, Howlett, Taylor [3] , a general definition of card-shuffling measures M W,x on Coxeter groups was given by Fulman [10] . Here W is a finite Coxeter group, x = 0 is a real number, and M W,x satisfies the measure property w∈W M W,x = 1. In general these measures are signed, i.e. it is possible that M W,x (w) < 0 for some element w.
As the precise definition of M W,x will be recalled in Section 2, here we simply comment on some of the more remarkable properties of these measures. One such property, which follows from the definition in terms of descent algebras, is the following convolution equation in the group algebra of W A second property, which was conjectured by Fulman (loc. cit.) and will be proved in this note, is the positivity assertion that if W is crystallographic (and thus has corresponding simply connected finite groups of Lie type G W (p)) and if p is a good prime for G W (p), then M W,p (w) ≥ 0 for all w ∈ W . This property is not obvious from the definition of M W,x in terms of descent algebras.
The measures M W,x have received considerable attention in the cases that W is of type A or B. The type A case appeared in work of Bayer and Diaconis [1] in the theory of card-shuffling. This was extended to type B by Bergeron and Bergeron [2] . As emerges from work of Bergeron and Bergeron [2] and Bergeron and Wolfgang [4] , M An,x and M Bn,x are also related to the Poincaré-Birkhoff-Witt theorem and to splittings of Hochschild cohomology. Section 3.8 of Shnider and Sternberg [14] describes this in the language of Hopf algebras. Finally, Fulman [10] , [11] found a connection between the measures M W,x and the semisimple orbits of the adjoint action of the finite group of Lie type G W (p) on its Lie algebra.
The other circle of ideas relevant to this note concerns random walk on the chambers of a real hyperplane arrangement. Bidigare, Hanlon, and Rockmore [6] describe how putting weights summing to one on the faces of a hyperplane arrangement induces a random walk on the chambers of a hyperplane arrangement. This procedure will be described in Section 2. Interesting applications of the Bidigare-Hanlon-Rockmore walks in computer science and biology have been found by Brown and Diaconis [7] .
The main point of this note is to prove that the measures M W,x are special cases of the BidigareHanlon-Rockmore walks. (Bidigare [5] had proved this for type A. However, his description is less natural and does not generalize to the other Coxeter groups). Combining this viewpoint with tables computed by Orlik and Solomon [13] will lead to a proof of the positivity property of M W,x .
Main Results
To begin it is necessary to recall the definition of M W,x in terms of Solomon's descent algebra. For w ∈ W , let Des(w) be the set of simple positive roots mapped to negative roots by w (also called the descent set of w). For J ⊆ Π, let X J = {w ∈ W |Des(w) ∩ J = ∅} and x J = w∈X J w. Let λ be an equivalence class of subsets of Π under under the equivalence relation J ∼ K whenever w(J) = K for some w ∈ W . Let λ(K) denote the equivalence class of K.
. Define e λ in the descent algebra of W by
These e λ are orthogonal idempotents which sum to the identity element in the group algebra of W . Let λ denote |J| for any J in the equivalence class λ. The measures M W,x are defined as
Next, it is necessary to review the work of Bidigare, Hanlon, and Rockmore. Let A = {H i : i ∈ I} be a central hyperplane arrangement (i.e. ∩ i∈I H i = 0) for a real vector space V . Let γ be a vector in the complement of A. Every H i partitions V into three pieces: 
where ǫ i ∈ {0, −, +}. Equivalently, A cuts V into regions called chambers and the faces are the faces of these chambers viewed as polyhedra.
A random process on chambers is then defined as follows. Assign weights v(F ) to the faces of A in such a way that v F ≥ 0 for all F and F v(F ) = 1. Pick a starting chamber C 0 . At step i, pick a face F i with chance of face F equal to v(F ) and define C i to be the chamber adjacent to F i which is closest to C i−1 (separated from C i−1 by the fewest number of hyperplanes.) Such a chamber always exists.
For the remainder of this note, A will be the arrangement of root hyperplanes for a finite Coxeter group W . The following proposition collects various facts from Chapter 1 of Humphreys [12] .
Proposition 1 (Humphreys [12] ) The chambers of A correspond to the elements of W . Furthermore W acts transitively on these chambers. The faces of A correspond to left cosets wW J of parabolic subgroups of W , ordered by reverse inclusion. The faces of A adjacent to the identity chamber correspond to parabolic subgroups W J of W , ordered by reverse inclusion.
The next lemma will be of use and is an indication of a connection between the theory of hyperplane arrangements and Solomon's descent algebra.
Lemma 1 Let C 0 be the chamber of A corresponding to the identity. Choose the face F 1 with probability of F equal to v(F ). Then the chance that the chamber C 1 corrseponds to w is equal to
Proof: The chance that C 1 corresponds to w is equal to F v(F ), where the sum is over all faces F which are adjacent to w and such that w is the chamber adjacent to F which is closest to the identity. The faces adjacent to w are the cosets wW K , for K an arbitrary subset of Π. The chambers adjacent to the face wW K are the elements of the coset wW K . Proposition 1.10 of Humphreys shows that w is the unique shortest element in the coset wW K precisely when K ⊂ Π − Des(w). This proves the lemma. For J ⊆ Π, let F ix(W J ) denote the fixed space of the parabolic subgroup W J in its action on
With these preliminaries in hand, the main theorem of this note can be stated.
Theorem 1 Let W be a finite irreducible Coxeter group of rank n. Let x = 0 be a real number. Let A be the hyperplane arrangement consisting of all root hyperplanes of W . Assign weights to the faces of A by the formula
Let C 0 be the identity chamber of W . Then M W,x (w) is equal to the chance that the chamber C 1 arising from the Bidigare-Hanlon-Rockmore walk corresponds to the element w. From Lemma 1, it is clear that the chamber C 1 arising from Bidigare-Hanlon-Rockmore walk corresponds to w with probability
Thus the theorem will follow when we prove the equality
To do this we will derive an expression for β J K in terms of the lattice L(A). This will use the notion of the type of an element w ∈ W , developed in Bergeron, Bergeron, Howlett, Taylor [3] . Namely w is said to have type S ⊂ Π if Stab W (F ix(w)) is conjugate to W S . Clearly type is defined only up to the equivalence relation ∼ on subsets of Π and depends only on the conjugacy class of w.
Let ζ S be the function on W such that ζ S (w) is 1 if w has type equivalent to S, and is 0 otherwise. In Section 6 of Bergeron, Bergeron, Howlett, Taylor (loc. cit.), it is proved that
where Ind stands for induced character. Note that W has a natural action on the lattice L(A). For R, T ⊆ Π, let u RT be the the number of elements in this lattice which are in the W -orbit of F ix(W R ) and which are greater than F ix(W T ) in the inclusion relation of the lattice. Equation 3.13 of Orlik and Solomon [13] states that the value of Ind W W T (1) on an element of w of type equivalent to R ⊆ Π is equal to
. Thus evaluating ζ S on an element of type equivalent of R gives the equation
where δ RS is 1 if R = S and 0 otherwise. In other words, the matrices (β J K ) and (
) are inverses (here K indexes the row and J indexes the column). Equivalently,
Equation 4.4 of Orlik and Solomon (loc. cit.) gives a formula for (u KJ ) −1 . Let O(F ix(W J )) denote the orbit of F ix(W J ) under the action of G on the lattice L(A). In our notation, their formula states that
Comparing this with the previous expression for (u KJ ) −1 shows that
Thus, returning to the quantity of interest,
Lemma 3.4 of Orlik and Solomon (loc. cit.) shows that
Bergeron, Howlett, Taylor (loc. cit.), |λ(J)| is the number of subsets Z of Π such that W Z is conjugate to W J . By Lemma 3.4 of Orlik and Solomon (loc. cit.), W Z is conjugate to W J precisely when F ix(W Z ) and F ix(W J ) are in the same G-orbit in the action of G on L(A). Also note that dim(F ix(W J )) = n − |J|. Combining these observations gives that
Remarks:
1. Since M W,x is a signed measure, summing the weights of Theorem 1 over all the faces must give one. This can be checked directly. Namely, the sum of weights is equal to
The second equality holds by Lemma 3.4 of Orlik and Solomon [13] which states that
The third equality follows because every Y ∈ L(A) is in the orbit of some W K , and is in fact in the orbit of exactly |λ(K)| such (see the end of the proof of Theorem 1.) The final equality follows easily from properties of the Moebius function and appears as equation 3.2 in Orlik and Solomon (loc. cit.)
2. The values |λ(K)| can be computed from tables of Carter [9] .
As a corollary of Theorem 1, we prove the positivity conjecture for M W,x stated in the introduction. Let W be a finite, irreducible, crystallographic Coxeter graph with corresponding simply connected finite groups of Lie type G W (p). Recall that p is said to be a bad prime if p divides the coefficient of some root of W when expressed as a linear combination of simple roots. A prime p is said to be good if p is not bad.
Corollary 1 Let W be a finite, irreducible, crystallographic Coxeter group with corresponding simply connected finite groups of Lie type G W (p). Then if p is a good prime, M W,x (w) ≥ 0 for all w ∈ W .
Proof: From the table of bad primes on page 28 of Carter [8] , one observes that the bad primes are precisely the primes less than the maximum exponent of W which are not equal to exponents of W .
By Theorem 1, it is sufficient to show that χ(L F ix(W K ) , p) is non-negative for p a good prime. One of the main results of Orlik and Solomon [13] is the factorization
From the tables in their paper (the case G 2 does not appear there but a formula for M G 2 ,x is in Fulman [10] ), one sees that all b K i are always less than or equal to the maximum exponent of W . Thus all good primes p are greater than all b K i , and the corollary follows. 2
Remark:
The measures M W,x where W is crystallographic and x is a bad prime give a natural (and apparently first) collection of examples where some of the face weights in the BidigareHanlon-Rockmore process are negative. However, Fulman [10] shows that the eigenvalues of the corresponding transition matrix are 1 x i with various multiplicities. In particular, the eigenvalues are all positive.
